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1. Introduction
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Background

Why optimization methods
must adapt?

« Explosive growth of data

* Rising complexity of machine learning models
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2. Problem Statement



AU

T

Machine Learning as an Optimization Problem

» Objective function:
 Most ML task

N
- Classification min % > Ly, f(2',0))
. Regression ' Optimization i=1

* Clustering problems

* Reinforcement Learning

« Objective function with regularization:

N
.1 i i 2
mgmﬁ;L(y f(2,0)) + A [0 )3
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Optimization Methods Overview

* First-Order Methods (Gradient-based)
« Use gradient only
« Examples: Gradient Descent, SGD, AdaGrad,...

» Scalable and widely used

« High-Order Methods (Curvature-based)
« Use second or higher-order derivatives
« Examples: Conjugate Gradient method, Quasi-Newton method, L-BFGS...

« Faster convergence but higher computational cost
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3. Mathematical Analysis



First-Order Methods

 Gradient Descent

D
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» Stochastic Gradient Descent(SGD)

Loss Function L(6)
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L(8) = sz ' = fo(x)?= NZ cost (6, (7))

Loss Function L*(9)
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L*(8) = cost(6, (x},v')) =% ! = fo(x1))?

Update Rule

0'=60+1n (' — fo(x)x!
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* Nesterov Accelerated Gradient(NAG) « Adaptive Learning Rate Method(AdaGrad)
Or =0+ By = veq = Bre —Vf(6) = 41 = 0p + vy [ 9:=Vel(6)
t
— 2
v=n(— M) + voldﬁ (Ve \/ z=1(gl) e
9(0)

It

Otr1 = 0y — 777
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» Derivative-Free Technique

Ot+1,j = argminL(0¢41,1, -, O¢41,j-1,0), Ot j+1, -, Ot,p)




Second-Order Method
Conjugate Gradient Method

« optimization objective

1
ming F(0) = EQTAQ — bl + ¢

Build a sequence of A-conjugate search directions
{dOI dl; '“;dn}: d’lTAd] = O fOTl ?l:]

At each iteration do an exact 1 — D line search along d;

* Property: generating a new vector d,, only using
the previous vector d;_4
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Algorithm Conjugate Gradient Method

Input: A, b, 6y
Output: The solution #*
To = ABO —b
do = —To, t=20
while Unsaﬁisﬁed convergence condition do
e = d:T;;zt
Orr1 = 0; + mudy
Tt41 = ’-‘"tT+ ns Ady

Ter1Tt+1

Bi+1 =

’)"t-r?"t
di+1 = —7ri+1 + Beya1ds
t=t+1
end while




Second-Order Method

Quasi-Newton Method

Use a positive definite matrix to approximate the
inverse of the Hessian matrix
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Quasi-Newton Condition:
Extend f(0) to Talor series at & = 8;,1.Then compute the
gradient on both sides of it, set s; = 0;,1 — 0, and u; =
VO, +1) —Vf(6,) , we get:

Ut = BryqSt

The search direction of quasi-Newton method is

dy = =B ‘g,
where g; is the gradient of f,and the update of quasi-Newton
Is

Ot+1 = O +ned:

Quasi-Newton method uses B; to approximate the true
Hessian matrix. We set H, = B; 1
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The DFP correction formula is

ugs, ERTA Ty

T ) Bt (I — T

Uy St Uy St Il.,r St

T

BEFP = (1 -
The update formula of H;, 1 is

Hiuy u,tT H; sts:

u;Htu,, U, Sy

HARTP = Hy -

B, i1s updated according to

B(BFGS) _ p Btsts,TBt utu;r
t+1 ST T TR oy
S¢ tSt Uy St
corresponding update of Hy, 4 is
T T T
(BFGS) _ Sty Ut S, ut S,
Hi = - =) - = T

St lu/f St /u/f St l“r[’
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Second-Order Method

Stochastic Quasi-Newton Method

« Consider mingegrF(0) = E[f (0, )], where & is a random seed,
f usually has the following form:

f(0,8) = f(6;x;,y;) = l(h(w; x;); y;:) Algorithm SQN Framework
use the empirical loss to define the objective: Input: 6o, V, m,
1 N Output: The solution #*
F(6) = _z £:(6) for t=1, 2, 3, 4,....., do
N = s; = Hyg; using the two-loop recursion.
St = —MtS;
« use mini batch stochastic gradient Orr1 = 0; + s}
1 if update pairs then
VFSt(et) = - 2 Vi(6¢) Compute s; and u;
LESt Add a new displacement pair {s;,u:} to V
where S; is randomly selected. if V| > m then
Remove the eldest pair from V'
end if
 Let S} be a randomly chosen subset of the training samples, end if
the stochastic Hessian estimate is end for

1
VR (60 = - ) V3fi(6)

iesf
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4. Simulation and Conclusion



Simulation and Conclusion EAU

Dataset description and convergence speed in different algorithm

Set d d Matrix generate:
et random see X; ~ MO, X & R

Compute: Generate:
y=Xx*w+g, gi~N(0,0.1%) w;~N(0,1),w € R?

Return (X,y) as a dataset Convergence speed calculation and plt.show
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Gradient descent + Stochastic Gradient descent > Momentum with SGD

A
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Simulation and Conclusion
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0.8

0.7

0.6

0.5 1

0.4

0.3

0.2 +

0.1

0.0

(00000

GD

sSGD
MOMENTUM
MESTEROV
ADAGRAD
RMSPROP
ADAM

cG
NEWTON
BFGS
COORD_DESC
SA

GA

lteration

T
100

Mark:
Lr=0.01,
lters = 100

=AU




Friedrich-Alexander-Universitat ‘E/A\U
Erlangen-Nurnberg LI//am\

Thank you!
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